We calculate analytically an effect of the thermal Comptonization on the cosmic microwave background (CMB) photons when they propagate through galaxy clusters. We estimate a deformation of the CMB spectrum due to multiple Compton scattering of the photons off electrons of an optically-thin hot spherical plasma cloud. This new approach allows us to disentangle and determine the optical depth and the electron temperature of a galaxy cluster using the CMB observations.
Introduction
The Cosmic Microwave Background (CMB) retains important information on primordial quantum perturbations, raised by inflation. Apart from those relic signatures, the late time CMB fluctuations appear as a result of its interaction with a hot plasma after reionization begins. Spectral perturbations of the CMB have been investigated by Weymann (1965) , Weymann (1966) , Peebles (1970) , and in the series of papers by Zeldovich & Sunyaev (1969) and Sunyaev & Zeldovich(1970a , 1970b , 1970c , and 1970d . The review of theory of interaction of free electrons with radiation is presented by Zel'dovich (1975) (see also Sunyaev & Khatri 2013) .
Observations of the spectral perturbations of the CMB in directions of galaxy clusters is therefore a powerful tool for cosmology. Satellites WMAP and PLANCK have revealed the existence of the CMB fluctuations in the directions of rich galactic clusters (Huffenberger et al. 2004; Bielby & Shanks 2007; Planck Collaboration et al. (2018) and references therein 1 ). Inside galaxy clusters, the Compton scattering is the main process of interaction of the CMB photons with hot plasma of the temperature of order of 1 − 30 keV. The Doppler effect plays a major role in the CMB spectrum modification, and the KleinNishina suppression of the cross section may be neglected. The relative change of the photon energy due to the Doppler effect for one scattering is described by the relation ∆ E γ E γ 4 k B T e m e c 2 < 1 ,
where E γ is the photon energy, T e is the plasma temperature, k B is the Boltzmann constant, c is the speed of light, and m e is 1 see also the list of papers at https://www.cosmos.esa.int/web/planck/publications the electron mass (see §2.2 in Pozdnyakov et al. 1983, hereafter PSS83) .
A study of the interaction between the CMB photons and intergalactic matter was based on the solution of the Kompaneets equation (Kompaneets (1956) , see also Weymann (1965) ). This equation describes evolution of the photons energy over time in the homogeneous infinite medium. This justifies an application of this approach for cosmological problems (see review by Sunyaev & Zeldovich 1980) . But in galaxy clusters the situation is different: the CMB photons scatter off the hot electrons in a bounded plasma cloud.
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The thermal Comptonization in the finite medium was first studied by Sunyaev & Titarchuk (1980, hereafter ST80) . They considered the problem in the diffusion approximation, when the Thomson optical thickness of the cloud τ > 1. Photons undergo evolution over energy while diffusing in a hot plasma cloud, and the redistribution of the photons energies takes place because of the Comptonization. A general problem of Comptonization in the finite medium has been further considered, analytically and numerically, by PSS83; Sunyaev & Titarchuk (1985, hereafter ST85) , Titarchuk (1994) , Titarchuk & Lyubarskij (1995, hereafter TL95) , Hua & Titarchuk (1995) ; Titarchuk & Zannias (1998) . The essential point of these studies is that the highenergy power-law tail is formed even when the optical depth of the medium is much less than 1.
In the present work, we consider a modification of the CMB spectrum, using a solution for the bounded spherical plasma cloud. This modification is obtained from the solution of the radiation transfer problem in the stationary case (TL95). The resulting spectrum is a sum of the direct CMB blackbody radiation and a small fraction of those CMB photons which undergo upscattering in a hot plasma cloud. Zeldovich & Sunyaev (1969) and Sunyaev & Zeldovich (1970d) derived the resulting spectrum of the Comptonized CMB and suggested that it depends on y-parameter only, where y ∝ τ k B T e /(m e c 2 ). Their approximation is widely used to model the observed CMB distortions (Birkinshaw 1999; Carlstrom et al. 2002; Mroczkowski et al. 2019 , and references therein).
Here we disentangle the principal physical parameters of a Comptonizing cloud: the optical depth τ and plasma temperature T e and illustrate high potential of our approach. Using the new model we fit two cases of observed CMB distortions.
In §2 we present a solution to the problem of Comptonization of the CMB in a finite hot plasma cloud. In §3 we compare new model with observed distortions of the CMB spectrum. In §4 we consider derivation of the temperature of a plasma cloud. We compare our results to other works in §5 and give a summary of the paper in §6.
Comptonization of CMB
We consider an optically thin hot spherical plasma cloud with the electron temperature T e and optical depth τ ≪ 1 (Fig. 1) . The CMB spectrum observed in the direction of the cloud is produced by scattered and un-scattered photons. The number of photons passing the cloud is conserved, while the intensity I ν of the CMB radiation is modified. It is a sum of the spectrum B ν related to direct photons (more numerous) and the thermally Comptonized spectrum I TC , formed in the cloud:
or
for τ ≪ 1.
The part of the emergent spectrum (3), affected by the thermal Comptonization, I TC , can be obtained by a convolution of the CMB spectrum with the upscattering Green function (GF), which can also be thought of as a 'redistribution function'. This is a consequence of the linearity of the radiative transfer equation (see, for example, Chandrasekhar (1960) , §86, Rybicki & Lightman (1979) , §7.3) in the case of negligible induced scattering. In simple terms, the whole spectrum can be considered as a sum of the monochromatic radiations. If transformation of the radiation at each specific frequency is known, the resulting spectrum can be calculated as a convolution:
where I 0 (χ 0 ) is the initial (CMB blackbody) spectrum and we take the GF as
introducing the dimensionless photon energy χ = hν/(k B T e ). The GF is the emergent spectrum if the initial photons are monochromatic. This GF was derived by ST80 for non-relativistic opticallythick plasma. On the other hand, using Monte-Carlo simulations, PSS83 demonstrated that the hard tail of the Comptonized spectrum of injected soft photons for a wide range of optical depths, from τ ∼ 10 −4 to 10, is a power law. Even for ultra-relativistic electron distribution, the Green's function also has a brokenpower-law form, as demonstrated by Fig. 42a of PSS83. Thus the GF can be presented as a broken power law for any τ, in a wide range of the plasma temperature. TL95 formulate the radiative transfer in the finite medium (flat and spherical geometry) in terms of the full kinetic equation and solve it when hν < k B T e . They find the spectral index α as a function of the optical depth τ and T e . They also compare their results with the results of the Monte-Carlo simulations by PSS83, demonstrating a full agreement.
Since TL95 were interested in the emergent spectrum in the range of hν < min(k B T e , m e c 2 ), they took into account the Doppler effect only. Thus, in the scattering kernel, they neglected z/γ, where z = hν/m e c 2 is a dimensionless photon energy, with respect to D = 1 − µv/c, where v is the electron velocity, γ = 1/ √ 1 − v 2 , and µ is the cosine of the angle between derections of a photon and an electron (see Eqs.
(1-5) in TL95). TL95 proved that the solution of the kinetic equation with the above assumptions could be presented as a product of a powerlaw function of frequency and a function which depends on the space coordinates. It is worth noting that the similar approach was also applied by Titarchuk & Zannias (1998) for a solution of the Comptonization problem for the converging flow. As a result TL95 reduced the whole problem to a solution of the eigen-value problem formulated in terms of the spectral index α and, finally, a construction of the GF. Fig. 2 in TL95 demonstrates how the analytically determined spectral indices match the Monte-Carlo simulated spectral indices. We argue therefore that Eqs. (5)- (6) for the GF are general and valid for any optical depth (see also Appendix A for a physical explanation).
We also introduce a dimensionless variable x = hν/k B T r , where T r is the blackbody temperature of CMB, and normalize intensity values to
The blackbody spectrum is then
The Comptonized spectrum I TC can be then presented as the convolution In Fig. 2 we show the Comptonized CMB spectrum along with the original blackbody spectrum in values of the normalized intensityÎ = I/I 0 .
Properties of the Green function
The GF is formed as a result of the Comptonization of the isotropic monochromatic photons passing through a Comptonizing (hot) cloud. If the photon dimensionless frequency is x 0 and the intensity δ(x−x 0 ) then the Comptonized spectrum is G(x, x 0 ). The ratio of the integrated intensities of the Comptonized photons, F, to initial photons, F 0 , is
Obviously, the ratio F/F 0 → 1 for α ≫ 1. This means that for a large α the GF is strongly peaked at x = x 0 , i.e. the photon energy of the Comptoniized radiation is scarcely shifted. The number of Comptonized photons is conserved. The total number of the incoming photons is
and the total number of the emergent photons is
As a result, the photon number is conserved for the Comptonized radiation with respect to the injected photons.
Asymptotics for the emerging spectrum
Now we analyze the emergent spectrum presented by equation (8) in detail. We should remind a reader that the Comptonization spectrum (convolution) conserves a photon number. Thus due to the Comptonization process the emergent spectrum (8) should be shifted to higher energies, but at the same time the total photon number of photons scattered in the Compton cloud remains constant (see Eq. (10)). For very low frequencies, hν/k B T r ≪ 1, the CMB spectrum in the dimensionless form (7) can be rewritten as
If one convolves this spectrum with the Green's function (Eqs. 5-6), it is easy to obtain for α ≫ 1 (see the dotted line in Fig. 4 ):
As a result, one can observe (see Fig. 3 ) the shortage of the photons at low energies with respect of those in the CMB for hν < k B T r (in the Rayleigh-Jeans part of the spectrum).
We are interested to calculate corrections to CMB due to Comptonization at high energies, hν > k B T r . In this case, we replace B ν (χ) by its high energy asymptotic, the Wien spectrum:
We can rewrite formula (8) as a sum of two integrals and, substituting the Taylor expansion for W ν (x) as demonstrated in Appendix B, we obtain the corrections to the CMB spectrum for A&A proofs: manuscript no. titarchuk_lipunova2019 
where ∆(x, α) is the next correction to I TC (x) with respect to α (see Eq. B.14). The corresponding dependence for α = 10 is shown by the dashed line in Fig. 4 . For α ≫ 1 we have
and, consequently, the second term in formula (15) is positive when hν > 3k B T r .
Comparison with observed CMB deformation
The observed deviation is the difference between the intensity of radiation passed through a cloud (2) and the CMB intensity: where I TC is calculated according to (8), and the approximation is accurate by better than 0.5% for τ < 0.1. Normalized distortion
is shown in Fig. 5 for different values of α.
To illustrate results that can be obtained applying the new model, we use the published results of the observed CMB deformation for galaxy cluster Abell 2163 (Nord et al. 2009 ) and for a stacked frequency spectrum of a sample of 772 galaxy clusters obtained using Planck data (Erler et al. 2018) .
The data and resulting fits are shown in Figs. 6 and 7, with the two best-fit parameters of the model, α and τ, given in the captions. Since χ 2 -values of the fits are much less than theoretical ones, we cannot use them to estimate uncertainties. Instead, the uncertainties at 1-σ level are calculated by the smooth bootstrap method using Monte-Carlo simulations. The distributions of the model best-fit parameters obtained in the course of the Monte-Carlo simulations are shown in Figs. 8 and 9.
Data at frequencies greater than ∼ 300 GHz should be used with great caution when one models the CMB distortion since a contribution from other emitting sources is nonnegligible, namely, the far-infrared radiation from the cluster's warm dust (Erler et al. 2018; Birkinshaw 1999, see Figure 20 there). For this reason, in Fig. 6 we give results for two fits, with and without the high-frequency data point.
To sum up, the distinct property of our model is that the optical depth of the plasma cloud is readily determined using fits of the theoretical deviation (16) with respect of the data. This is possible because the theoretical spectrum is presented as a convolution of the CMB original black body spectrum with the GF (5)-(6). In addition, the electron temperature can be determined, if the full problem of Comptonization is solved, namely, over space and energy.
Physical parameters of the CMB-modifying cloud
TL95 solved a stationary Comptonization problem for any optical depth and derived a dispersion equation relating the powerlaw index α, plasma temperature T e , and the optical depth τ 0 , where τ 0 = τ/2 (see Fig. 1 ):
Article number, page 4 of 10 Lev Titarchuk and Galina Lipunova: Thermal Comptonization of CMB where
and no limitation is set on the optical depth τ 0 . In (18) C 0 is the zero-moment coefficient of the Legendre expansion of a phase function (see eqs. (8) and (10) in TL95), which is found from a scattering kernel. TL95 found formula
for the non-relativistic plasma and α < 2 using an expansion of the scattering kernel. In a general case of α the function C 0 (θ, α) can be calculated numerically, as described in Appendix of TL95. We present characteristic values of C 0 in Table 1 . These values are obtained using the relativistic Maxwellian distribution of electrons. Index α − 13.7 Fig. 9 . Distribution of the best-fit parameters α and τ obtained in the course of Monte-Carlo simulations using the data obtained for a stack of 772 galaxy clusters using Planck (Erler et al. 2018) . The inner and outer contours are drown at the 1-σ and 2-σ levels, respectively.
Eigenvalue λ(τ 0 ) of a radiation transfer problem is expressed as
where a value 1/β is of order of the mean number of scatterings in the cloud. An approximation for β(τ 0 ), incorporating expressions for both large and small optical depth τ 0 (see ST80 and ST85, respectively), is derived in Titarchuk (1994) . For the spherical case it reads as:
For an optically thin spherical case (τ 0 ≪ 1) we have β = ln(4/3τ 0 ) and consequently
In view of all the above, we can find the dimensionless temperature θ of a plasma cloud as a solution of implicit equation
Article number, page 5 of 10 A&A proofs: manuscript no. titarchuk_lipunova2019 (18) after the values of τ = 2 τ 0 and α are determined as the bestfit parameters using observations of a CMB distortion (see §3). The dependence α(τ 0 , θ) in a graphical form is presented in Fig. 10 . Slopes of the high-frequency tails of the Comptonization spectra obtained by PSS83, agree with the analytically calculated α by TL95 (see their Fig. 2 ). For β ≪ 1, using (18), (20), and (21), one can obtain a simple form of the dispersion equation,
which was early derived by ST80 for the case of θ ≪ 1 and τ 0 1.
Discussion
We compare our model with the following formula, which is widely used to describe the non-relativistic Sunyaev-Zeldovich effect,
This expression is obtained from the Kompaneets equation describing the photon energy diffusion over time in the unbounded uniform medium (Zeldovich & Sunyaev 1969; Sunyaev & Zeldovich 1970d) . The normalized distortion of the Comptonized CMB spectrum (17), is a function of x and depends on the parameter α(τ, θ): while (25) implies that the resulting normalized distortion per unit optical depth is independent of τ:
In Fig. 11 we illustrate dependencies of ∆Î TC and ∆Î SZ on their parameters for θ = 0.03 (k B T e = 15.3 keV). To begin with, Article number, page 6 of 10 Lev Titarchuk and Galina Lipunova: Thermal Comptonization of CMB Fig. 13 . Same as Fig. 12 but for the plasma temperature θ = 0.01. it is worth noting that the 'pivot' values of x, where ∆Î TC = 0, shift with increasing α to the left and approach x → 3.83, while ∆Î SZ = 0 always at x ≈ 3.83. For large α, our solution ∆Î TC coincides with the 'τ-independent' ∆Î SZ , if we set β = 1 in Eq. (24). The Sunyaev-Zeldovich solution is therefore a particular case of our new, more general solution. In this particular case, τ-dependence is worn out (for large α) and the amplitude of the distortion is determined by the non-relativistic relation (24) between α, τ, and θ. The properties of the spectral modification due to thermal Comptonization in the bounded plasma are the following. The crossover frequency in our solution depends on α(τ 0 , θ), where τ 0 = τ/2, that is, it changes with the optical depth τ, even if the temperature θ is fixed. Further, the distortion divided by τ has a spectral shape that depends on the optical depth τ.
The latter is not at all unexpected. We remind an established fact that the form of a Comptonization spectrum from an optically-thick cloud depends on the optical depth τ (see, for example, §7.7 of Rybicki & Lightman 1979; Steiner et al. 2009 ), as well as on the electron temperature T e . It is physically justifiable that a τ-dependence of a spectral form is expected for clouds with any optical depth, either > 1 or < 1. In that respect, one should appreciate a difference between (26) and (27).
In Fig. 12 we plot normalized TC and SZ distortions for a fixed plasma temperature and using (24). Naturally, we have different distortions ∆Î TC for different τ. For τ ≪ 1 there is a remarkable difference between (25) and our solution (17), which exceeds typical kinetic (due to scattering of CMB photons by a population of electrons that moves with a peculiar velocity in the rest frame of the CMB; see for example Birkinshaw 1999; Carlstrom et al. 2002, Figure 2 there) and relativistic corrections (see, for example, Figure 1 in Rephaeli 1995, Figure 1 in Erler et al. 2018, and Figure 2 in Mroczkowski et al. 2019 ). In Fig. 13 , the normalized distortions are plotted for the plasma temperature 5 keV, when the relativistic effects are negligible (see, e.g., Mroczkowski et al. 2019) , and one can see same differences between the solutions. This difference is caused by the fact that we consider a specific radiation-transfer problem (evolution in space and frequency instead of evolution in time and frequency) and take into account multiple scatterings. (Fig. 7) , the tendency is the same:
Erler et al. (2018) have estimated a sample-average (massweighted) X-ray spectroscopic electron temperature of their sample of 772 galaxy clusters as 6.91 ± 0.08 keV. While this temperature is in a very good agreement with the value we obtain (see caption of Fig. 7) , it should be kept in mind that some modification of the relation between α and the physical parameters of the cloud (τ and T e ) is possible when a specific density distribution in galaxy clusters is taken into account. Such an investigation would lead to a substantial increase of complexity of the analytic consideration and is a subject of the future study by other methods.
Resulting values of parameter y = τ θ differ significantly for the two models. This is evident from the case with the Planck data, which have smaller relative errors. We have fitted the Planck data using (25) and obtained y SZ = (1.23±0.04)×10 (see also Fig. 8, top panel, in Nord et al. 2009) , and the TC gives y TC = τ θ = (13 +15 −13 ) × 10 −4 . Molnar & Birkinshaw (1999) have argued that the effect of a finite optical depth of a cluster's cloud/atmosphere is negligible for the observed CMB distortion. Their Monte-Carlo simulations were performed using a method different from PSS83, and apparently the photons experienced an average number of scatterings. However, it was pointed out in PSS83, that the powerlaw high-frequency tail is shaped by multiple scatterings even for very low optical depth (see § 6 and, for example, figure 37 in PSS83). Finally, as we show using the exact solution, finite optical depth plays an important role.
Thus Sunyaev-Zeldovich distortion in the form of (25) should be used with high caution since it yields physically inaccurate estimates of the plasma-cloud physical parameters for the case of spherical clouds with uniform density. Moreover, (25) is not as useful as the present model because the optical depth τ and plasma temperature T e enters an observed distortion ∆I SZ = τ ∆Î SZ I 0 always as a product. Usually, relativistic corrections to (25) are considered to remove this degeneracy. However, we have demonstrated that the effect of a finite optical depth dominates those (see Figs. 12 and 13 ).
Conclusions
We present a method to fit the observed CMB distortions, which is based on the thermal Comptonization model in which the CMB photons are up-scattered off electrons in hot plasma clouds of galaxy clusters. The model is based on a solution of photon diffusion over frequencies, while they propagate through a spherical plasma cloud of a finite size. The radiative transfer problem is considered for a general case, when one has no limitation on a value of the optical depth (less or more than 1).
Fitting observed distortions gives us two parameters: the slope of the Green function α and optical depth τ. The temperature of the plasma cloud can be found using values of α and τ and the dispersion relation (18). Thus we disentangle the temperature and optical depth of a Comptonizing cloud.
The presented solution gives us a form of the CMB distortion which is significantly different for τ < 1 from the form used in the literature following Zeldovich & Sunyaev (1969) ; Sunyaev & Zeldovich (1970d) . This deviation dominates the relativistic and kinetic corrections studied so far.
Physical parameteres of galaxy clusters can be estimated following the presented method. One should keep in mind that a specific density distribution and possible anisotropies can influence the exact values of the temperature and the optical depth of galaxy clusters.
Appendix A: Universal power-law shape of a Comptonized spectrum
Here we present a simple derivation of the power-law spectrum which can be applied to the particle acceleration in the bounded medium and even to the money income distribution (Titarchuk et al. 2009 ). In fact, the GF power-law can be obtained from the following considerations (see also § 6.3 of PSS83). The intensity of photons, undergone k scatterings in a bounded medium (cloud), is
where p is the probability of a single scattering. The average photon energy change per scattering is
where E 0 is the primary photon energy and η is the relative change of energy. Consequently, the photon energy E k after k scatterings is
Let us compare the logarithms of intensity I k and energy E k after k scatterings, divided by the original I 0 and E 0 , respectively:
Their ratio does not depend on k which means that the resulting spectrum is power-law, with the index being this ratio: .5) for I ∝ E −α . Moreover, the form of GF given by (5)-(6) is general for non-relativistic plasma in time-independent setting when only the Doppler effect causes spectral changes. Indeed, Payne (1980) shows that the linear radiation transfer equation without account of induced scattering is separable under such conditions, see his equations (A5)-(A6). In particular, energy evolution equation (A5) of Payne (1980) ) without recoil effect is equivalent to .6) where β is a separation constant, N(x) = I(x)/x 3 is the photon occupation number in the phase space, I(x) is the frequency-part of the radiation intensity, x = h ν/k B T e , and θ = k B T e /m e c 2 . Eq. (A.6) is just the equation the provides GF (5-6) found by ST80 (see their equation (15)).
It is worth noting that for the optically thin case τ < 1 and non-relativistic k B T e /(m e c 2 ) ≪ 1 we limit ourselves with α > 1. Subsequently, the integral ∞ 0 G(x, x 0 ) dx converges.
Appendix B: Analytic derivation of the CMB distortion asymptotics
To find asymptotics for the high-frequency part of the Comptonized spectrum we can rewrite formula (8) We remind a reader that the Green's function (Eqs. 5-6) has a strong peak at x = x 0 , but the function W ν (x) is quite smooth there. Therefore, we expand W ν (x 0 ) near x as follows:
We subsitute this expansion in Equation (B.1) and obtain
where
